SUMMARY
We consider the effects o f critical layer nonlinearity on spatially growing oblique instability waves on nominally two-dimensional shear layers between linearity to occur at much smaller amplitudes than it does in two-dimensional flows. The nonlinear instability wave amplitude is determined by an integrodifferential equation with cubic type nonlinearity. The numerical solutions to this equation are worked out and discussed in some detail. We show that they always end in a singularity at a finite downstream distance.
I
parallel streams. The analysis shows that three-dimensional effects cause non- External excitation of (convectively unstable) le1 streams produces spatially growing instabi y governed by linear dynamics for sufficiently free shear layers between ity waves that are ini-.
small excitation amplitudes. Nhile the-instability amplitude continues t o increase with increasing downstream distance, its local growth rate must ultimately decrease due to viscous spreading of the mean shear layer. Nonlinear effects can then become important in a "critical layer" at the transverse position where the mean flow and instability wave phase velocities are equal (once the instability wave amplitude becomes sufficiently large and its growth rate becomes sufficiently small). The unsteady critical layer flow is then governed by a nonlinear vorticity equation, while the motion outside the critical layer remains essentially linear. The external instability wave growth rate is, however, completely controlled by the nonlinear dynamics of the critical layer.
There are now too many nonlinear critical layer analyses in the literature for us to summarize here. We refer the reader to the excellent review by Maslowe (1986) for nonlinear critical layers in general and to the one by Stewartson (1981) for Rossby-wave critical layers in particular. Here it is only appropriate to mention the analyses specifically concerned with spatially evolving flows. Huerre (1980, 1987) considers the two-dimensional incompressible shear layer in the viscous critical layet-regime where the nonlinear *Work funded under Space Act Agreement C99066G e f f e c t s e n t e r o n l y a t h i g h e r o r d e r . Huerre and S c o t t (1980) and Robinson (1974) 
c o n s i d e r t h e s t r o n g l y n o n l i n e a r regime, b u t t h e i r c h o i c e o f s c a l i n g p r ecludes t h e p o s s i b i l i t y o f matching t h e i r r e s u l t s o n t o t h e l i n e a r upstream sol u t i on.
G o l d s t e i n and L e i b (1988) and G o l d s t e i n and H u l t g r e n (1988) overcame t h i s d i f f i c u l t y , b u t a g a i n c o n s i d e r o n l y t h e i n c o m p r e s s i b l e case. They c o n s i d e r o n l y a two-dimensional flow, s i n c e t h e two-dimensional i n s t a b i l i t y wave i s t h e most r a p i d l y growing l i n e a r mode i n t h a t case. However, t h e o b l i q u e modes e x h i b i t t h e most r a p i d growth i n s u f f i c i e n t l y h i g h Mach-number supersonic shear l a y e r s (Gropengeisser, 1969; Jackson and Grosch, 1988) . G o l d s t e i n and L e i b (1989) c o n s i d e r t h e case where t h e unsteady flow e v o l v e s from a s i n g l e o b l i q u e mode, i n which case i t i s a p p r o p r i a t e t o suppose t h a t t h e i n i t i a l i n s t a b i l i t y wave grows i n i t s p r o p a g a t i o n d i r e c t i o n . The c r o s s flow v e l o c i t y e f f e c t s can t h e n be e l i m i n a t e d from t h e a n a l y s i s by use o f an a p p r o p r i a t e " S q u i r e t r a n sform," b u t t h e c r i t i c a l l a y e r n o n l i n e a r i t y s t i l l behaves q u i t e d i f f e r e n t l y from t h e i n c o m p r e s s i b l e case -p r i m a r i l y because t h e temperature f l u c t u a t i o n s have a l g e b r a i c s i n g u l a r i t i e s i n t h e c r i t i c a l l a y e r and t h e r e f o r e become v e r y l a r g e r e l a t i v e t o t h e r e m a i n i n g v e l o c i t y components c a u s i n g t h e c r i t i c a l l a y e r n o n l i n e a r i t y t o o c c u r a t a much s m a l l e r a m p l i t u d e v i s -a -v i s t h e two-dimensional i s o t h e r m a l case. The r e s u l t i n g c r i t i c a l l a y e r n o n l i n e a r i t y i s t h e n weak i n t h e sense t h a t t h e flow i s governed by l i n e a r dynamics t o l o w e s t o r d e r o f a p p r o x im a t i o n , w i t h n o n l i n e a r i t y e n t e r i n g o n l y t h r o u g h t h e h i g h e r o r d e r (inhomogeneous) terms. The i n s t a b i l i t y wave growth r a t e i s s t i l l c o n t r o l l e d by t h e n o n l i n e a r terms, b u t can now be c a l c u l a t e d from an a m p l i t u d e e q u a t i o n s i m i l a r t o t h e one f o u n d by H i c k e r n e l l (1984) f o r t h e Rossby wave s i n g u l a r modes.
Here, we c o n s i d e r t h e case where t h e i n i t i a l i n s t a b i l i t y wave grows i n t h e streamwise d i r e c t i o n . I t i s t h e n a p p r o p r i a t e t o suppose t h a t t h e r e a r e two o b l i q u e modes w i t h t h e same f r e q u e n c y and streamwise wave number b u t w i t h equal and o p p o s i t e ( r e a l ) spanwise wave numbers i n o r d e r t o r e p r e s e n t a f i x e d spanwise s t r u c t u r e . ( I n r e a l flows t h e a l l o w a b l e spanwise wave numbers m i g h t be s e l e c t e d b y t h e s i d e -w a l l p o s i t i o n s . ) The c r o s s flow v e l o c i t y f l u c t u a t i o n s , which have t h e same a l g e b r a i c s i n g u l a r i t y i n t h e c r i t i c a l l a y e r as t h e temperat u r e f l u c t u a t i o n s , now become c o u p l e d t o t h e v e l o c i t y f l u c t u a t i o n s i n t h e p l a n e o f t h e wave, c a u s i n g t h e c r i t i c a l l a y e r n o n l i n e a r i t y t o a g a i n become i m p o r t a n t a t s m a l l e r a m p l i t u d e s than i n t h e two-dimensional i n c o m p r e s s i b l e case. I n f a c t t h e n o n l i n e a r o b l i q u e mode i n t e r a c t i o n causes t h e c r i t i c a l l a y e r n o n l i n e a r i t y t o o c c u r a t even s m a l l e r a m p l i t u d e s t h a n i n t h e s i n g l e mode c o m p r e s s i b l e case ( G o l d s t e i n and L e i b , 1989). C r i t i c a l l a y e r n o n l i n e a r i t y now becomes i m p o r t a n t when t h e i n s t a b i l i t y wave g r o w t h r a t e i s O(c1'3) r a t h e r t h a n O ( c 2 h , as i n t h e G o l d s t e i n and L e i b (1989) case, where E denotes t h e c h a r a c t e r i s t i c i n s t ab i l i t y wave a m p l i t u d e a t t h e s t a r t o f t h e n o n l i n e a r r e g i o n . While t h e phenomenon i s o f most importance i n s u p e r s o n i c shear l a y e r s , we r e s t r i c t t h e a n a l y s i s t o t h e i n c o m p r e s s i b l e case because t h e n o n l i n e a r c r i t ic a l l a y e r dynamics a r e u n a f f e c t e d by c o m p r e s s i b i l i t y e f f e c t s , and t h e i r i n c l us i o n would g r e a t l y c o m p l i c a t e t h e a n a l y s i s . Moreover, t h e f i n a l a m p l i t u d e e q u a t i o n ( 3 . 6 9 ) , which i s t h e p r i n c i p a l r e s u l t o f t h i s paper, remains v a l i d f o r t h e c o m p r e s s i b l e case. The i n s t a b i l i t y a m p l i t u d e o u t s i d e t h e c r i t i c a l l a y e r can a g a i n be determined from an a m p l i t u d e e q u a t i o n because t h e c r i t i c a l l a y e r n o n l i n e a r i t y i s s t i l l weak. The e q u a t i o n i s s i m i l a r t o t h a t of G o l d s t e i n and L e i b (1989) i n t h a t i t i s an i n t e g r o -d i f f e r e n t i a l e q u a t i o n w i t h c u b i c nonl i n e a r i t y , b u t t h e s t r u c t u r e o f t h e n o n l i n e a r k e r n e l f u n c t i o n i s now somewhat d i f f e r e n t from t h e i r s . The e q u a t i o n s t i l l has t o be s o l v e d n u m e r i c a l l y . This is accomplished by using a fourth-order predictor-corrector scheme to integrate in the downstream direction, starting from the upstream linear state which is prescribed far upstream in the flow (relative to the streamwise length scale of the nonlinear region).
The calculated instability wave amplitudes initially follow the prescribed linear growth, but soon begin to either saturate or increase their rate of growth when the nonlinear effects come into play. effects eventually reverse these trends, causing a rapid increase in amplitude which ends in a singularity at a finite downstream distance. The local asymptotic solution of the amplitude equation is derived. It shows that the flow will become fully nonlinear everywhere in the shear layer and that the motion will then be governed by the full three-dimensional Euler's equations in the next stage of evolution downstream of the weakly nonlinear region.
The overall plan of the paper is as follows. The problem is formulated in section 2 , where we show how the nonlinear critical layer gradually evolves from the strictly linear finite growth rate solution. The flow outside the critical layer is a linear, unsteady three-dimensional perturbation about the two-dimensional mean shear layer flow, which can be treated as locally parallel on the streamwise length scale over which the nonlinear effects take place. The latter occur entirely within the critical layer t o the order o f approximation of the analysis and determine the unknown amplitude function in the external solution. The transverse velocity fluctuation is taken as the basic variable for the external flow, and the (linear) equation for this quantity is expressed in terms of the "Squire coordinates" associated with either of the two oblique modes.
Cumulative history
We introduce a "slowly varying" amplitude function, which depends on the streamwise coordinate through an appropriately scaled variable and is ultimately determined by the nonlinear flow in the critical layer, which we analyze in section 3. Matching with the linear external instability waves leads to the nonlinear integro-differential equation that determines the amplitude of those waves. The numerical and asymptotic solutions to this equation are discussed in section 5.
FORMULATION AND SOLUTION OUTSIDE THE C R I T I C A L LAYER
We are concerned with a nearly inviscid incompressible shear flow between two parallel streams with nominally uniform velocities U ( ' ) > U(2). The upstream flow consists of a steady two-dimensional shear layer and a pair of oblique (i.e., three-dimensional) spatially growing (i.e., time harmonic) instability waves with the same frequency and streamwise wave numbers but with equal and opposite (real) spanwise wave numbers. The streamwise, transverse, and spanwise coordinates (x, y, and z, respectively), the time t and all velocities are normalized by 6,, &,/A, and A , respectively, where 6, is half the mean shear layer momentum thickness and
is a measure of the velocity difference across the shear layer. effects do not first intervene, the gradual viscous spreading o f (2.1) When nonlinear the mean shear layer causes the common spatial growth rate of the two linear instability waves to gradually decrease until they approach their common neutral stability point, whose Strouhal number and streamwise and (real) spanwise wave numbers we denote by So, a, and i b , respectively. 
Here S i < 0 is assumed to be O(1) constant, and E denotes the characteristic amplitude of the instabilit wave in this region. growth rate, which is also O ( C~/~) , will then be determined by the nonlinear critical layer effects. coordinates x , y , z be located within this nonlinear region. ity waves will then be o f the form
The instability wave Finally, we require that the origin of the spatial
The transverse velocity fluctuations of the two upstream linear instabilwhere t denotes the time, ( 2 . 4 ) denotes the direction of propagation (relative to the mean flow direction) of these waves at their common neutral state.
i s a streamwise coordinate in a reference frame moving downstream with the neutral phase velocity
is a scaled streamwise coordinate (in the fixed reference frame) and,
is a scaled complex wave number whose imaginary part is minus the common growth rate of the linear near neutral instability waves. +il)(y) is an appropriate
y l e i g h ' s e q u a t i o n , which can be t a k e n as t h e ne t r a l s o l u t i o n t o t h e r e q u i r e d o r d e r o f a p p r o x i m a t i o n . The complex c o n s t a n t ay i s a measure o f t h e complex ( s c a l e d ) a m p l i t u d e o f t h e two waves.
The n o r m a l i z e d p r e s s u r e i s denoted by p and t h e n o r m a l i z e d v e l o c i t y components i n t h e moving ( 6 , y, z } c o o r d i n a t e system by {u, v, w } . We expect t h e s o l u t i o n o u t s i d e t h e c r i t i c a l l a y e r t o expand l i k e u 2 + . . . and Af i s a f u n c t i o n o f t h e slow streamwise v a r i a b l e x i , which w i l l u l t im a t e l y be determined by t h e n o n l i n e a r flow i n t h e c r i t i c a l l a y e r , b u t m a t c h i n g w i t h t h e upstream l i n e a r i n s t a b i l i t y waves r e q u i r e s t h a t i t s a t i s f y t h e upstream boundary c o n d i t i o n (2.14)
The 0 (~4 / 3 ) terms ( i n ( 2 . 8 ) t o ( 2 . 1 1 ) ) a r e induced by n o n l i n e a r e f f e c t s
w i t h i n t h e c r i t i c a l l a y e r and b y d e r i v a t i v e s o f t h e O ( E ) terms w i t h r e s p e c t t o x i .

They a r e , t h e r e f o r e , a t l e a s t i n p a r t , a s s o c i a t e d w i t h l i n e a r g r o w t h r a t e e f f e c t s . I n f a c t , t h e e n t i r e s o l u t i o n ( 2 . 9 ) s a t i s f i e s l i n e a r dynamics t o t h e i n d i c a t e d o r d e r and i s t h e r e f o r e d e t e r m i n e d by R a y l e i g h ' s e q u a t i o n
where t h e primes denote d i f f e r e n t i a t i o n w i t h r e s p e c t t o y and 2 -a a2 a2 aS2 ay2 az2 v = + -+ - (2.15) ( 2 . 1 6 ) i s t h e L a p l a c i a n i n t h e moving r e f e r e n c e frame. I t follows t h a t v2 i s a f u n c t i o n o f t h e form v2(<, x i * y , z ) and t h e r e f o r e s a t i s f i e s
where Vz now denotes t h e L a p l a c i a n w i t h
-s1 a 01 a< r e s p e c t t o c , y, and z and t h e p a r t i a l d e r i v a t i v e s w i t h r e s p e c t t o < a r e a t c o n s t a n t x i and v i c e -v e r s a . (2.20) denotes t h e reduced R a y l e i g h ' s o p e r a t o r , and u1 and w1 a r e t h e n g i v e n by , (2.21) + R e F~~) C y , x , > e 2 i p z and where t h e i n t h e main shear l a y e r , i s induced b y n o n l i n e a r e f f e c t s i n t h e c r i t i c a l l a y e r .
<-independent t e r m i n (2.211, which i s governed b y l i n e a r dynamics Then s i n c e u2, v2, and w2 have t h e same < -p e r i o d i c i t y as v i , t h e y m u s t be e x p r e s s i b l e i n t h e form m=O m=O ( 2 . 2 3 ) ( 2 . 2 4 ) ( 2 . 2 5 ) m=O 6 S u b s t i t u t i n g ( 2 . 1 2 ) and (2.24) i n t o ( 2 . 1 7 ) we f i n d t h a t where a2 ( ' ) can be defined s i m i l a r l y , b u t w i l l n o t be needed i n t h e f o l l o w i n g Equations (2.19) and (2.27) must, i n g e n e r a l , be s o l v e d n u m e r i c a l l y . F o r t u n a t e l y , we need o n l y know t h e l o c a l b e h a v i o r o f t h e i r s o l u t i o n s a t t h e c r i t i c a l l e v e l where U(y) = 0. T h i s w i l l o c c u r a t t h e i n f l e c t i o n p o i n t U"(yc> = 0, or u ; = o , (2.31) (where t h e s u b s c r i p t c i s used t o denote q u a n t i t i e s a t t h e c r i t i c a l l e v e l ) p r o v i d e d we assume, as we now do, t h a t U(y) has o n l y a s i n g l e i n f l e c t i o n p o i n t . The c r i t i c a l l e v e l , which we can always suppose to l i e a t y = 0, i s t h e n a r e g u l a r p o i n t for t h e o p e r a t o r ( 2 . 2 0 ) and e q u a t i o n (2.19) w i l l , t h e r e f o r e , possess t h e two l i n e a r l y independent s o l u t i o n s ( 2 . 3 2 ) 7 $2) = y + @ 2 + U ; ) Y u; 1 I 3 + . . . (2.33) as y -0.
Then we can p u t where b l i s a c o n s t a n t which must, i n g e n e r a l , be determined a l o n g w i t h a by s o l v i n g (2.19) n u m e r i c a l l y s u b j e c t t o t h e p r o p e r boundary c o n d i t i o n s a t y = w . Then ( 2 . 2 1 ) . . . (2.37) as y > 0, where we have a n t i c i p a t e d t h e f a c t t h a t t h e c r i t i c a l l a y e r s o l u t i o n produces an O ( E ) mean flow change a c r o s s t h e c r i t i c a l l a y e r b u t n o change i n t h e second harmonic o f t h e streamwise v e l o c i t y f l u c t u a t i o n . f u n c t i o n s , say @p,1 and @p,2, which s a t i s f y I t follows from (2.271, ( 2 . 3 2 > , and ( 2 . 3 3 ) t h a t t h e r e e x i s t two c o n t i n u o u s ( 2 . 3 9 ) b u t a r e , i n g e n e r a l , unbounded a t y = k m . $p,1 w i l l behave l i k e el t 6 2 ,~~ I n I y l + 62y + . . . , as y -0 and 4p,2 w i l l be r e g u l a r t h e r e .
The r e l e v a n t s o l u t i o n t o ( 2 . 2 7 ) must t h e n be o f t h e form 8 f where i n g e n e r a l , be determined n u m e r i c a l l y . b$ n, c2 n a r e r e a l c o n s t a n t s (even on t h e slow s c a l e x i ) , which must, -a (U C At X 1 -iS,At)bz,l + . . . as y -i0 (2.41) where t h e s p e c i f i c forms o f e l and e2 a r e i m m a t e r i a l , and we do n o t need t h e c o r r e s p o n d i n g e x p r e s s i o n s f o r H $ ' ) i n t h e f o l l o w i n g a n a l y s i s .
THE CRITICAL LAYER
Equations (2.35) and (2.37) c l e a r l y shQw t h a t t h e o u t e r expansion ( 2 . 8 ) t o (2.11) becomes s i n g u l a r a t t h e c r i t i c a l l e v e l . The l i n e a r s m a l l g r o w t h r a t e c r i i c a l l a y e r t h i c k n e s s i s o f t h e o r d e r o f t h e l i n e a r g r o w t h r a t e which i s i n t h i s r e g i o n i s t h e r e f o r e O ( E~ 3) i n t h e p r e s e n t case. The a p p r o p r i a t e s c a l e d t r a n s v e r s e c o o r d i n a t e . . The requirement (3.8) merely states that the change in propagation direction velocity across the critical layer, as calculated from within, is equal to the change in that velocity as calculated from the liner external solution.
It turns out to be convenient to work in terms of the spanwise vorticity which expands like 113-213- 
a t c h i n g w i t h t h e o u t e r s o l u t i o n shows t h a t 92 and go t o z e r o as Y + +" .
U l y -1 / 2 U; " cos 0Y2 where t h e f i r s t t e r m i n ( 3 . 3 2 ) was i n s e r t e d t o i n s u r e t h a t Q : ! :
I t i s now c o n v e n i e n t t o i n t r o d u c e t h e f o l l o w i n g n o r m a l i z e d v a r i a b l e s ( 3 . 2 5 )
-- 1 x z --S U ' x -X o ,
I t i s worth n o t i c i n g t h a t when so t h a t ( 3 . 2 9 ) approaches t h e l i n e a r c r i t i c a l s o l u t i o n ( i v e n b y t h e g e n e r a l iz a t i o n o f eq. (4.34) i n G o l d s t e i n and L e i b 1988) when A! approaches t h e l i ne a r upstream c o n d i t i o n ( 2 . 1 4 ) . E q u a t i o n s (3.19) and (3.21) c l e a r l y possess s o l u t i o n s o f t h e form
+ 0 as q + 2" f o r a l l n,m. S u b s t i t u t i n g (3.32) and (3.33) a l o n g w i t h (3.29) and (3.30) i n t o (3.19) and (3.21) shows t h a t ( 3 . 3 4 ) ( 3 . 3 5 ) ( 1 ) L2w2,0 = O where t h e s t a r denotes t h e complex c o n j u g a t e , we have p u t -a --+ i n n f o r n = 0,1,2, . . . , Ln -a i ( 3 . 3 6 ) (3.37) and i n w r i t i n g down (3.36) we have a n t i c i p a t e d t h e f a c t t h a t t h e r e l e v a n t s o l u t i o n t o (3.35) i s t h e t r i v i a l s o l u t i o n ( 3 . 3 8 ) ( 1 ) w2,0 = 0 .
I n s e r t i n g (3.31) i n t o (3.34) and (3.36) and i n t e g r a t i n g y i e l d -2 i qii = -t a n 0 sec ee I n s e r t i n g (3.39) a l o n g w i t h ( 3 . 2 9 ) t o ( 3 . 3 3 ) i n t o ( 3 . 2 1 ) and i n t e g r a t i n g we o b t a i n . . ,
-4(X -x)' s i n 2 0 1 0 ( " ] d i . and where C i s a c o n s t a n t whose s p e c i f i c value w i l l n o t e f f e c t our a n a l y s i s .
The r e m a i n i n g Q ' s and W ' s can be s i m i l a r l y determined, b u t a r e not used i n t h e f o l l o w i n g a n a l y s i s . Then, upon i n t e g r a t i n g by p a r t s and i n s e r t i n g (3.31), we o b t a i n S u b s t i t u t i n g ( 3 . 4 0 ) i n t o (3.55) we f i n d a f t e r some m a n i p u l a t i o n t h a t + 2 s i n 2 8e -2i 1+ĩ;(~)] (3.611, (3.651, ( 3 . 3 9 ) . ( 3 . 4 2 > , and (3.471. i n t e g r a t i n g by p a r t s shows t h a t U s i n g t h e r e s u l t i n g formula f o r Q ( 2 ) 1 
I t now follows from ( 3 . 3 2 ) and ( 3 . 3 3 ) t h a t ( 3 . 2 2 ) possesses a s o l u t i o n o f
I t i s now easy t o w r i t e down t h e s o l u t i o n t o (
3 . 5 2 ) b y u s i n g' i s U [ U'A-( + b -b-) --$ rq A-X + iA)(b;,l -bi,l)].
E q u a t i o n (3.69) i s t h e f i n a l r e s u l t . I t d e t e r m i n e s t h e a m p l i t u d e o f t h e
I t must be s o l v e d s u b j e c t t o t h e upstream boundary c o n d i t i o n
i n s t a b i l i t y wave. where t h e r e a l c o n s t a n t
vn i s an as y e t u n s p e c i f i e d i n i t i a l phase f a c t o r which was i n t r o d u c e d v i a t h e a r b i t r a r y -o r i g i n . s h i f t s xo and Xo i n ( 3 . 2 5 )
and (3.27).
. ASYMPTOTIC SOLUTION OF AMPLITUDE EQUATION
The p r i n c i p a l r e s u l t of t h i s paper i s g i v e n b y (3.69) t o g e t h e r w i t h t h e upstream boundary c o n d i t i o n ( 3 . 7 2 ) . The n u m e r i c a l s o l u t i o n t o t h i s problem, which i s d i s c u s s e d in t h e -n e x t s e c t i o n , appears t o d e v e l o p a s i n g u l a r i t y a t a f i n i t e v a l u e o f x, -say -x s . I n t h i s s e c t i o n we d e t e r m i n e t h e a s y m p t o t i c form where Xs and u a r e r e a l c o n s t a n t s and a i s a complex c o n s t a n t , i n t o t h e i n t e g r a l o f (3.69) -and change t h e i n t e g r a t i o n -v a r i a b l e s from ( n + l ) ( n + 2 > ( n + 3 ) ( 4 + io),, ( n + 2 ) ( n + 3 ) ( 4 + io),, + where (a), denotes t h e g e n e r a l i z e d f a c t o r i a l f u n c t i o n c o e f f i c i e n t s C i , o , . . . C3,4 a r e g i v e n i n t h e appendix.
t i o n s of t h e i n d i c a t e d arguments which a r e l i s t e d i n t h e appendix. I t i s w o r t h n o t i n g t h a t Em i s a p o l y n o m i a l
( 3 . 6 9 ) i s balanced by t h e i n t e g r a l t e r m on t h e r i g h t s i d e . S u b s t i t u t i n g ( 4 . 1 ) i n t o t h e l e f t hand s i d e shows t h a t t h e two terms w i l l balance when u s a t i s f i e s T(a + n > / T ( a > and t h e A, becomes l a r g e compared t o A as x + i s , and t h e l e f t hand s i d e o f ( 4 . 5 ) F i g u r e s 1 and 2 show u and l a f i l r e s p e c t i v e l y as f u n c t i o n s o f a r g (l/y;), which a r e used t o e v a l u a t e a s y m p t o t i c curves i n f i g u r e s 3 t o 6 (shown as d o t t e d l i n e s ) . P a r t s o f t h e d e r i v a t i o n s i n t h i s s e c t i o n were done w i t h MACSYMA (412.61 I n t e r e s t e d r e a d e r s can c o n t a c t t h e f o r DEC VAX 8600 S e r i e s ) b a t c h programs. second a u t h o r f o r t h e programs.
. NUMERICAL RESULTS AND DISCUSSION
The r e l e v a n t s o l u t i o n s t o ( 3 . 6 9 ) and ( 3 . 7 2 ) i n v o l v e t h e two complex parame t e r s and y , t h e p r o p a g a t i o n a n g l e 8, and, t h e s t i l l u n s p e c i f i e d i n i t i a l phase f a c t o r y o . -But i n t r o d u c i n g t h e r e s c a l e d v a r i a b l e s A / l y l 1/21k12 and Iili( -i o , where xo and yo a r e chosen so t h a t ( 5 . 1 )
shows t h a t these s o l u t i o n s can be c o m p l e t e l y c h a r a c t e r i z e d by t h e two i m a g i n a r y parameters I n ( g / l K . l ) and I n ( y / l y l > , or e q u i v a l e n t l y by t h e arguments of k and y . The r e a l p a r t o f I C i s t h e s c a l e d g r o w t h r a t e o f t h e upstream l i n e a r i n s t a b i l i t y wave i n t h e v i c i n i t y o f i t s n e u t r a l s t a b i l i t y p o i n t , and t h e imagin a r y p a r t i s t h e s c a l e d d e v i a t i o n o f t h e wave number from i t s n e u t r a l v a l u e c o r r e s p o n d i n g t o t h e p r e s c r i b e d S t r o u h a l number d e v i a t i o n S i . 3 . 7 2 ) ) .
E q u a t i o n ( 3 . 6 9 ) was s o l v e d n u m e r i c a l l y by u s i n g a f o u r t h o r d e r p r e d i c t o r c o r r e c t o r scheme t o advance t h e s o l u t i o n downstream from t h e p r e s c r i b e d
The double i n t e g r a l s w e r e computed by u s i n g t h e T r a p e z o i d a l r u l e w i t h t h e upstream -" t a i l s " e v a l u a t e d a n a l y t i c a l l y from t h e upstream l i n e a r s o l u t i o n s . K and y must, i n g e n e r a l , be found n u m e r i c a l l y by s o l v i n g t h e homogeneous and inhomogeneous R a y l e i g h ' s e q u a t i o n s ( 2 . 1 9 ) and ( 2 . 2 7 ) . . A n a l y t i c s o l u t i o n s can o n l y be o b t a i n e d f o r t h e " t a n h " shear l a y e r (Huerre, 1980; 1987) Notice t h a t t h e upstream l i n e a r g r o w t h r a t e i s i n i t i a l l y reduced when a r g y i s i n t h e range -n/2 < a r g Gy < n/2. This i s because t h e n o n l i n e a r t e r m behaves l i k e -yCoIA12A f o r small ] A I , where Co i s a p o s i t i v e r e a l c o n s t a n t .
The e f f e c t i v e g r o w t h r a t e i s t h e r e f o r e reduced by t h e f a c t o r 1 -C O I A l 2 y , b u t ( e x c ? p t i n t h e s p e c i a l case a r g y = a r g I C = 0) t h i s t r e n d i s e v e n t u a l l y r e v e l -r e d , and t h o qt v d t h r a t e r a p i d l y i n c r e a s e s u n t i 1 t h e amp1 i tude becomes s i t l g u l a r a t some f i n i t e downstream d i s t a n c e f o r a l l v a l u e s o f y -s u g g e s t i n g an e x p l o s i v e g r o w t h o f t h e i n s t a b i l i t y wave t h e r e .
T h i s i s shown somewhat b e t t e r i n f i g u r e s 6 t o 8, which a r e p l o t s o f t h e xs determined from r e a l p a r t o f the s c a l e d i n s t a b i l i t y wave a m p l i t u d e versus t h e s c a l e d streamwise c o o r d i n a t e x. Also shown i n t h e f i g u r e s a r e t h e r e s u l t s computed from t h e a s y m p t o t i c s o l u t i o n (4.11, w i t h t h e s i n g u l a r i t y l o c a t i o n
t h e n u m e r i c a l s o l u t i o n . The l a t t e r s o l u t i o n s c l e a r l y approach t h e a s y m p t o t i c r e s u l t as jX becomes s m a l l . Since ( 4 . 1 ) i m p l i e s t h a t t h e a s y m p t o t i c g r o w t h r a t e ~A T~! l A~ behaves l i k e ( I A l / l a J ) 1 / 3 i n t h e v i c i n i t y o f t h e singul a r i t y , t h e i n i t i a l s c a l i n g , i . e . , g r o w t h r a t e = O ( d 1 / 3 , i s unchanged by t h e s i n g u l a r i t y . T h i s suggests t h a t t h e b a s i c a s y m p t o t i c s t r u c t u r e o f t h e c r i t i c a l l a y e r w i l l remain i n t a c t , and t h e p r e s e n t s o l u t i o n w i l l n o t b r e a k down u n t i l t h e a m p l i t u d e I A l o f t h e e x t e r n a l i n s t a b i l i t y wave becomes o r d e r one. The flow w i l l t h e n be f u l l y n o n l i n e a r and unsteady i n t h e ma'n p a r t o f t h e shear l a y e r , i . e . , i t w i l l be governed by t h e f u l l E u l e r ' s e q u a t i o n s t h e r e . T h i s i s q u i t e d i f f e r e n t from t h e n o n l i n e a r c r i t i c a l l a y e r b e h a v i o r found b y G o l d s t e i n and L e i b (1988) for t h e two-dimensional case where t h e c r i t i c a l l a y e r n o n l i n e a r i t y produced a r e d i s t r i b u t i o n o f v o r t i c i t y t h a t r a p i d l y reduced t h e i n s t a b i l i t y wave g r o w t h r a t e t o z e r o . The three-dimensional e f f e c t s i n t h e p r e s e n t a n a l y s i s a l l o w f o r v o r t e x s t r e t c h i n g , which c o m p l e t e l y c o u n t e r a c t s t h i s e f f e c t and produces t h e e x p l o s i v e i n s t a b i l i t y wave g r o w t h . T h i s phenomena i s p r o b a b l y masked a t subsonic speeds by t h e f a c t t h a t t h e l i n e a r g r o w t h r a t e o f t h e t h r e e -d i m e n s i o n a l wave i s much s m a l l e r t h a n t h a t o f t h e two-dimensional wave. The l a t t e r wave can a l t e r t h e c r i t i c a l -l a y e r s t r u c t u r e o f t h e o b l i q u e waves, and t h e p r e s e n t a n a l y s i s assumes t h a t t h e two-dimensional wave i s com-3 l e t e l y absent i n t h e n o n l i n e a r r e g i o n . I t should be p o s s i b l e t o e l i m i n a t e should be much more important at higher Mach numbers, because the linear growth rate rapidly decreases with increasing Mach number (Jackson and Grosch, 1988) .
Figures 6 to 8 show that the instability wave amplitude undergoes successive oscillation upstream of the singularity. Similar behavior was observed in the two-dimensional analysis of Goldstein and Leib (1988) and in the calculations of Benney and Maslowe (19751, Huerre (19771, and Miura and Sato (1978) . The amplitude oscillations imply periodic reversal of energy transfer between the fluctuations and the mean flow, and possibly between the fluctuations themselves. By considering the Reynolds-stress changes that occur with nutating elliptic vortices, Browand and Ho (1983) came up with a simple kinematic explanation for this phenomenon. The reader is referred to Ho and Huerre (1984, p. 410) for details.
Viscous effects will undoubtedly alter the critical layer behavior described above. We decided not to include them because they would greatly complicate an already complex analysis. They were, however, included in the simpler analysis of Goldstein and Leib (1989) , and we expect them to act similarly in the present situation. The former analysis suggests that viscous effects always delay the explosive growth and that they will eliminate it entirely for a certain range o f values of y , G , and 8 , provided an appropriate scaled viscous parameter exceeds a certain finite value. In that case, the solution will just go to a finite amplitude equilibrium state further downstream.
While the present scaling may seem to be rather special, the composite expansion technique o f Goldstein and Leib (1988) shows that the instability wave adjusts to the proper scalinq automatically as it propagates downstream toward the neutral stability point. The nonlinear region actually sets its own location in the final composite expansion. The only requirement is that the instability wave amplitude remain fairly small in the region where the linear growth rate i s fairly small. This requirement should be very nonrestrictive at supersonic speeds where the linear growth rate is always small. However, the experiments show that nonlinearity sets in at very small amplitudes, even at subsonic speeds, which suggests that the nonlinear effects are localized and therefore confined to the critical layer (since this is the region where nonlinearity would first come into play; Goldstein and Leib, 1988; Goldstein and Hultgren, 1988) .
Equations ( 2 . 7 ) , (3.25>, and (4.1) show that the explosive growth occurs when
] A s in Goldstein and Leib (1988>, the nonlinear solution can be considered to be an inner solution in a composite expansion whose outer solution is the linear wave.
i s t h e s i n g u l a r i t y l o c a t i o n i n t h e unscaled streamwise c o o r d i n a t e s . The streamwise e x t e n t o f t h e f u l l y n o n l i n e a r r e g i o n i s t h e r e f o r e o f t h e same o r d e r as t h e shear l a y e r w i d t h . The a u t h o r s would l i k e t o thank D r . L e n n a r t H u l t g r e n f o r h i s h e l p f u l comments on t h e m a n u s c r i p t and D r . S . J . L e i b f o r h e l p i n g w i t h t h e computer program. . . . 13.
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